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ON MIXED FINITE ELEMENT METHODS
FOR THE REISSNER-MINDLIN PLATE MODEL

RICARDO DURAN AND ELSA LIBERMAN

ABSTRACT. In this paper we analyze the convergence of mixed finite element
approximations to the solution of the Reissner-Mindlin plate problem. We
show that several known elements fall into our analysis, thus providing a unified
approach. We also introduce a low-order triangular element which is optimal-
order convergent uniformly in the plate thickness.

1. INTRODUCTION

We consider the approximation by mixed finite elements of the solution to
the Reissner-Mindlin equations, which describe the displacement of a plate with
small to moderate thickness subject to a transverse load.

As is well known, standard finite element methods fail to give good approxi-
mations when the plate thickness is too small, owing to a locking phenomenon.
Instead, mixed methods, based on the introduction of the shear strain as a new
variable, have been proven successful both theoretically and experimentally [2,
4,5,6,7,9, 10].

In this paper we analyze the convergence of mixed approximations for the
plate problem in a general framework. We obtain a general convergence the-
orem, which can be applied to several elements, thereby providing a unified
approach. For the Bathe-Dvorkin elements [6] our theorem provides an optimal-
order error estimate under weaker regularity assumptions than those required
in [4] (although still not optimal). Also, it can be applied to the higher-order
elements introduced by Bathe and Brezzi [5], extending the estimates obtained
by these authors in the limit case (thickness equal to 0).

Recently, Arnold and Falk [2] proposed and analyzed a low-order triangular
element. Their analysis is based on an equivalence between the plate equations
and an uncoupled system of two Poisson equations plus a Stokes-like system.
This equivalence was first introduced by Brezzi and Fortin in [9] and was ob-
tained by using a Helmholtz decomposition of the shear strain. Arnold and Falk
proved optimal-order convergence uniformly in the plate thickness for their el-
ements by introducing a discrete version of the Helmholtz decomposition. Our
analysis provides a direct proof of the convergence of the Arnold-Falk elements
without using the discrete Helmholtz decomposition.
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We also introduce a new low-order triangular element for which we prove
optimal error estimates independently of the plate thickness.

2. STATEMENT OF THE PROBLEM AND NOTATIONS
We use standard notation for the Sobolev spaces H*(Q) and H[(Q) with

the norm
lullz = > I1D%ullZ2q)
lel<k

both for scalar and vector functions. Boldface type is used to denote vector
quantities.

Let Q x (—%, ) be the region occupied by the undeformed plate, where
Q C R? is a simply connected polygon and 0 < ¢ < 1 is the plate thickness.

Let us denote by w and B the transverse displacement of the midsection
of the plate and the rotation of fibers normal to it, respectively. Then, for
homogeneous Dirichlet boundary conditions (i.e., a clamped plate) the Reissner-
Mindlin model states that f € H)(Q) and w € H}(Q) satisfy

(2.1) ra(B,n)+i(Vw - B, Vv—n)=(g,v)

for every # € H)(Q) and v € H}(Q), where (, ) denotes the scalar product
in either L?(Q) or L2(Q and

a1 = = | [ (32 + %>%+( O, Of) o

X 6x2 Xy Ix;  0xp dx,

(o) (2]
2 6X2 Bxl 6x2 8x1 ’
where E is the Young modulus, v the Poisson ratio, A = Ek/2(1 + v) where
k is a constant, and g represents the transverse load.

It is known that a( , ) is coercive in H{(Q), and so it defines a scalar product
in this space equivalent to the usual one.

In order to analyze the behavior of the approximations for small values of
t, it is natural [4] to consider a load of the form g = 3f. Then, if A =1
for the sake of simplicity, problem (2.1) reduces to finding B € H}(Q) and
w € H}(Q) such that

(2.2) aB,m)+1*(Vw—B,Vo—n)=(f,v)
for every # € H{(Q) and v € H}(Q), or equivalently,
(2.38) a(ﬁs 'l)"‘()', V'U—"l)=(f,v)

and

(2.3b) y=tVw-B)

for every n € H{(Q) and v € H}(Q).
In what follows we denote by C a constant independent of # and ¢ but not
necessarily the same at each occurrence.

3. MIXED FINITE ELEMENT APPROXIMATIONS AND ERROR ANALYSIS

Let {J,}o<h<1 be a regular family of triangulations of Q [11], and let
H,, W,, and I';, be finite element spaces associated with .7, such that

H, cH|(Q), W,cH}Q), and T,cL*Q).
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We assume that
(3.1) VW, cTy.

A mixed approximation to the solution of problem (2.3) is obtained by re-
laxing the equation (2.3b) by means of a projection or interpolation over I’y .

Assume that we have defined an operator IT: V — I';,, where H{(Q) c V C
L2(Q), such that

(3.2) lln —TInllo < Chllnlh

for every n e H{(Q) NV,
Then, we define (B, wy, y,) € Hy x W), x ', by

(3.33) a(ﬂha 'I)+(J’h,V'U—H'I)=(f,'U)
and
(3.3b) Ph = (Vw, —T1By)

for every n e H, and v e W),.
The existence and uniqueness of the solution follows easily from the coer-
civeness of a( , ).

Remark 3.1. The approximate solutions could be defined even if (3.1) is not sat-
isfied. In that case we should replace Vv and Vw, by II(Vv) and II(Vw,),
respectively, in (3.3) [10].

However, since in all of our applications (3.1) holds, we will not analyze the
more general case.

From (2.3a) we obtain

aB,n)+ @, Vo-IIn)=(f,v) - (y,In—n)

for every n € H)(Q) and v € H}(Q) and, subtracting (3.3a) from this equa-
tion, we get the error equation

(3.4) a(B—Br,m)+@—2y, Vo—In)=(y, n—1ln)
for every n e H, and v € W},.
Lemma 3.1. Let B e H,, W e W,, and $=t"2(VW —XIB) e Ty ; then,

(3.5) 1B = Bull + 1l — 2allo < C{UIB = Bl + tll? = 7llo + All7llo}-
Proof. From (3.4) we get

a(B—Br,m)+@—yy, Vv —TIIn)
=a(B-B,n)+@-y, Vo-TIln)+ (v, n—n)

forevery n € H, and v € W),. Taking g = B—-B,€H, and v = W—w, € W,
we have

(3.6)

p—y=1t7(Vv-Tln),
and inserting this in (3.6), we obtain
a(B—Bu. B—B)+0F 1.7 —m)
(3.7) =a(B-B,B-B)+1@—7.7~7)
+@, (B—By) —TL(B - By))-
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Therefore, using the coerciveness and continuity of a( , ), the Schwarz inequal-
ity, and the arithmetic geometric mean inequality, we obtain the estimate

1B = Bullf + 117 — 743
< C{lIB - BI} + 217 — 215+ I?lloll (B — Bx) = TI(B = Bu)llo}-
Using (3.2) to bound the last term on the right-hand side, we get (3.5). O
From Lemma 3.1 we see that if there exist 8 € H, and W € W, such that

B and $ are good approximations of B and 7y, respectively, we get an error
estimate. Therefore, we can state the main result of this section.

Theorem 3.1. Let the spaces H, C H)(Q), W, ¢ H}(Q), T, c L2(Q) and the
operator 11 be such that (3.1) and (3.2) hold. If there exist B € H), and W € W,
and an operator I1: V — 'y, such that

(3.8) I8 — Bl < Ch|BIl2,

(3.9) =Ty

with 9 defined as in the lemma and

(3.10) ln — Tnllo < Chllnll,

for every n e H(Q) NV, then

(3.11) 18 = Bulli + tlly —2allo < CR{IIBIl2 + £l + [I7llo}-

Proof. (3.11) follows immediately from Lemma 3.1, (3.8), (3.9), and (3.10). O
Corollary 3.1. Under the assumptions of the theorem we have

(3.12) lw —walli < CA{IIBII2 + tivlly + IIllo}-
Proof. We have
Vw - Vw, =12y —-)+ B -1y,
hence
lw — wylly < 21y = pallo + |18 — TLBllo + IITX(B — Bi)llo-

Now, from (3.2) we get

ITI(B — Bu)llo < CIIB — Bl
and so, applying again (3.2) and Theorem 3.1, we obtain (3.12). O

4. EXAMPLES

In this section we show several elements for which our error analysis can be
applied. N

In the first two examples, condition (3.9) will be satisfied with IT =II. In
this case, (3.9) can be written in the following way:

(4.1) I(Vw) + (B — B) = V.

Therefore, it is enough to choose the spaces such that there exists a good ap-
proximation B € H, of B for which a w € W), satisfying (4.1) exists.
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Following the arguments in [7], one can see that (4.1) is satisfied if the spaces
and IT are chosen in the following way:

I, CHo(rot, Q) ={p e L*(Q): rot g€ L*(Q) and g -7 =00n 6Q},

where

_ Om O
rotu = ax, + 9%,

and 7 is the unit tangent to the boundary,
(4.2) IT: H'(Q) N Hy(rot, Q) — I, is such that / rot(n —IIp)g =0
Q

for every q € Q) =rotIy,,

W, C H}(Q) is such that if # € T}, and rotu =0, then

(4.3) e

for some v € W, and

H,;, ¢ H)(Q) and there exists an interpolation operator

R: H{(Q) — H,,
such that

(4.4) /Q rot(8 —RB)g = 0

for every g € Q, and
(4.5) 1B —RB|l1 < Ch||Bll2

for every B € H2(Q). . )
Indeed, in this case we can take f = Rf, and letting n = g — B in (4.2)
and using (4.4), we get

[ rott8 ~ Bya = [ rotni(s - Bra =0
Q Q
for every g € Q.

Therefore, taking g = rotII(# — B), we have rotII(8 — B) = 0, which
together with (4.3) yields II(B — B) = Vv, for some v, € W,.

Analogously, we see that II(Vw) = Vv, for some v, € W),, and so (4.1) is
satisfied with W = v; + v;.

In [7], Bathe, Brezzi, and Fortin obtained error estimates in the limit case
t = 0 under the assumptions (4.2), (4.3), (4.4), and (4.5). Therefore, our
analysis extends to the case ¢ > 0 the results obtained in [5] for the limit
problem ¢ =0.

We use the standard notation for the spaces of polynomials, that is, %, is
the space of polynomials of degree less than or equal to k and Q; ; is the
space of polynomials of degree less than or equal to / in the first variable and
to j in the second one. Also, we set Qy = O & -
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Example 4.1. A new low-order triangular element. Let .7, be a partition into
triangles. We take I';, to be a rotation of the Raviart-Thomas space of the
lowest order, namely,

T, = {u € Ho(rot, Q): u|r € Py & (—x2, X)), VT € F}.

So, there exists II satisfying (3.2) and (4.2) [12]. We take W, to be the standard
space of piecewise linear continuous functions, that is,

Wi ={v e Hy(Q):v|r € A, VT € G},

and so (3.1) and (4.3) can be easily verified.

To define H ;, , we take a rotation of a space introduced for the Stokes problem
[13].

Let T €9, and let A, A,, A3 be its barycentric coordinates. We denote by
T, a unit tangent vector to the side A; = 0 and define

P1 =AA3T, P2=Aid3T2, D3 =AATs

and
Hh ={"€H(l)(Q). "IT E'?1 ®<plap2ap3)’VT€‘?h}a

where (p;, P2, p3) is the space spanned by {p;}i<i<3.

Therefore, the existence of R satisfying (4.4) follows by a simple rotation
and known results [13]. R

So we can apply Theorem 3.1 and its corollary with # = R, and we get

1B = Bully + tlly = Pallo + llw — wylly < CA{|IBIl2 + tll¥llL + lI7llo}-
When Q is a convex polygon it is known (see [2, 9]) that

(4.6) 18112 + llylls + lIzllo < CIAN

and so we obtain an optimal error estimate with constant independent of the
plate thickness, namely,

18 = Bully + tlly = Pullo + llw — whlly < Chllfllo-

Example 4.2. The Bathe-Brezzi elements of second order. In [5], Bathe and
Brezzi introduced the following rectangular elements:

T, = {u € Hy(rot, Q): glz € Q, VR € F;},

where Q = (1, x1, X2, X1X2, x3) x (1, x1, X2, x1x2, x?) (which is a rotation
of the space introduced in [8]),

W, ={v e H{(Q): v|r € 05, YR € T},
where Q} = (1, x1, X2, X1X2, X?, X3, x?x2, x1x3) , and
Hh = {7] € H(l)(Q) 7]|R GQz, VR Ec?h}

Clearly, (3.1) and (4.3) hold. The existence of II and R satisfying (4.2),
(4.4), and (4.5) is known [8, 13], and so the error analysis of Lemma 3.1 can
be carried out in this case. In order to obtain a second-order estimate, the last
term on the right-hand side of (3.7) can be treated as in [5]. So we obtain the
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following error estimate, which generalizes for ¢ > 0 that obtained in [5] for
the case t =0:

I8 = Bulli + tlly = 2allo + llw — walls < CH*{1I B3 + tlivll2 + 7l }-

For similar triangular and higher-order elements we refer to [7]. We can
apply our analysis to those cases obtaining optimal error estimates.

Example 4.3. The Bathe-Dvorkin elements. Let .7, be a partition into rectan-
gles. Then the Bathe-Dvorkin elements are defined as follows [4, 6]:

I, ={p € Ho(rot, Q): u|r € Qo,1 X Q1,0, VR € T4},

Wy ={v e Hy(Q):v|r € Q1,VRE T},

H), = {n e H)(Q): n|r € Q;, YR € F;}.
Since I';, is a rotation of the lowest-order Raviart-Thomas space [14], it is
known that there exists an interpolation operator IT satisfying (4.2) and (3.2)

[4, 14]. Also, (3.1) and (4.3) hold, as is easily seen.
In this case we have

Q;,={q€L2(Q):q|R6930,VReZand /q=0}.
Q

However, it is known [13] that in this case the operator R satisfying (4.4) and
(4.5) does not exist. Nevertheless, we will prove that (3.9) and (3.10) hold in the
case of uniform meshes. More precisely, we assume that the family of meshes
{9,} is obtained by uniform refinement of a starting rectangular mesh in such
a way that at each step every element is divided uniformly in sixteen rectangles.

In order to prove (3.9) and (3.10), we need to introduce some notation.

Let gy € Q) be the checkerboard function, that is, a function which takes the
values 1 and —1 alternately in the elements. Let Q) be the space orthogonal
to qo, namely,

On = {q € Qu: (4, q) =0},

and let P: L? — éh be the orthogonal projection.
The following approximation properties for P hold:

(4.7) llg = Pqllo < Chllqls

for every g € H'(Q) and

(4.8) llg — Pqli-1 < Chllqllo

for every g € L*(Q). (Here and thereafter, || ||-; denotes the norm in the dual

space of H!(Q).)
Indeed, (4.7) follows from the fact that éh contains the piecewise constants
over a coarser mesh of size 24, and (4.8) is an easy consequence of (4.7).
Following the arguments in [4], we can prove that forany 8 € H(Q)NH{(Q),
2 < s <3, there exists B € H, satisfying

(4.9) /Q rot(8 — B)g = 0

for every g € éh and
(4.10) 18— Blli < Ch2|| .
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Condition (4.9) together with (4.2) yields
(4.11) /rotn(p—,&)q =0
Q

for every q € éh.
Now, since

/ rotllBq = / rot Bgo = 0

Q Q

(see [13]), we have that rotIIB € Q) , which together with (4.11) gives
(4.12) rotII8 = ProtIIB.

For 5 € Hy(rot, Q) we define Il inthe following way. Let x2(n) eHp(rot, Q)
be such that

(4.13) roty(n) = rotIln — ProtIln
and
(4.14) lx(mls < ClirotIly — ProtHpls—y,  s=0,1.

Take, for example, y(n) =curl ¢ = (—04/0x,, 0$/dx,), where ¢ is the so-
lution of the problem

—A¢ =rotlly — Protlly in Q

with homogeneous Neumann boundary conditions.
Then we set

(4.15) Iy = I(y — x(n))

and show that there exists W € W}, such that (3.9) is satisfied with B defined
as above.
Indeed, from (2.3b) we have

t?roty = —rot 8,
which in view of (4.2) implies
t?rotIly = —rot IIB.
Therefore, using (4.12), we obtain
t?ProtIly = —rotIIB,
and so, by (4.2) and (4.13) with n =y, we have

(4.16) rot Iy (y) = rot Iy + t 2 rot TIB.
Now the existence of @, and therefore (3.9), follow from (4.3), (4.15), and
(4.16).

Finally, let us verify (3.10). We have

llg — Tgllo < [lg — Tnllo + [Ty (n)llo-
The first term is bounded by (3.2) while for the second we use (3.2), (4.2), (4.8),
and (4.14) to obtain
ML (mllo < Chllx(m)ll + llx(m)llo
< Ch| rotIIy||o + C| rotIly — ProtIn|_,
< Ch| rotIInllo < Chlrotnllo < Chllnl|;.
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Therefore, we can apply Theorem 3.1 and its corollary, with (3.8) replaced by
(4.10) with s = 3, to obtain the error estimate

4.17) 1B = Bulli + tlly —2ullo + llw — willy < CA{|IBIs + vl + [1Pllo}-

Remark 4.1. The estimate (4.17) improves the one obtained in [4], which re-
quired y € H*(Q).
Taking s = 5 in (4.10), we also obtain

(4.18) (18 = Bally + tly = wallo + llw — willi < CA'2{IIBNsy2 + tlivlly + lYllo}-

When Q has a smooth boundary, it is known (see [3]) that the norms on the
right-hand side of (4.18) are bounded uniformly in ¢. The natural extension
of the results in [2] to a square domain, together with (4.18), would provide an
O(h'/?) error estimate uniform in the plate thickness.

It would be very interesting to relax also the regularity requirement on g in
order to obtain optimal-order convergence independently of the plate thickness.

5. THE NONCONFORMING ELEMENTS OF ARNOLD AND FALK

In this section we extend the error analysis of §3 to the Arnold and Falk
method [2], in which the transverse displacement w is approximated by non-
conforming elements.

The Arnold and Falk elements are defined as follows. Let .7, be a partition
of Q into triangles; then

Ty ={ucl?(Q): ulr €Py, VT € T},
W, ={veL*Q):v|r e, VT €Y, and v is continuous at
midpoints of element edges and vanishes at
midpoints of boundary edges},

and
H, = {7 € H)(Q): n}r € P, @ Pobr, VT € G},

where b7 is a bubble function of degree 3, namely, by € % and by =0on 0T .
For v € W, let V,v € L?(Q) be the piecewise constant vector function
whose restriction to each T € ., is given by Vu|r.
Let P: L%(Q) — I';, be the L2-projection. Then the approximation of [2]
is obtained by replacing V by V), and taking II = P in (3.3). That is,
(Bh > wi, ¥n) € Hy x W), x T, satisty

(513) a(ﬂh’ 'l)"‘(?h,VhU—P'I):(f,'U)
and
(5.1b) P =t"2(Vyw, — PBy)

for every n € H, and v € W,.
Since W, ¢ H}(Q), the error equation includes consistency terms, and there-
fore (3.4) is modified as follows:

a(B—Bu,n)+ @2, Vov—Pn)=(y,n—Pn)+ Z/ vy-nr
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for every # € H, and v € W, , where nr is the outer unit normal to the
boundary of T .
Proceeding as in Lemma 3.1, we obtain

18 = Bl + 2117 — 2l < CLIB — Ball2 + 21 = Y13 + A2IwI)

=

TEY,

for BeH,, WeW,,§=t"2(V,0—PB)eT),and v =10 —w;, € W,.

In order to estimate the last term on the right-hand side of (5.2), we use
the following lemma due to Crouzeix and Raviart [12], which is crucial for the
analysis on nonconforming methods.

Lemma 5.1. Let ¢ € H'(Q) and v € W), ; then

5 oo

Teg; 0

(5.2) .

< ChlI@l IV avllo-

However, a direct application of this lemma would give an estimate which
depends on ||y||; , which is not bounded uniformly in ¢ [3]. Therefore, we have
to proceed in a different way to obtain a modification of Lemma 3.1.

Since Q is simply connected, y can be written as

y=Vr+curlp,
where r € H{(Q) and p € HY(Q) with [,p=0.
Lemma 5.2. Let BeHy,, w € W, and §=1t"2(V,i0 —PB) € Ty,; then

1B = Buly + 117~ vallo < C{IB — Bl + 217 ~ 7l

(5.3)
+ h(|Irll2 + llplls + 2llpl2)}-

Proof. Applying Lemma 5.1, we get

Z /aTermT

< Ch||rll2lIVavllo

TeT,
and since
(5.4) Vo = 26 —1m) + P(B - By,
we obtain
(5.5) > / wVrnr| < CRIF(2IF = vallo + 1B — Bullo)-

On the other hand, we have
(5.6) > / veurlp-nr= ) /curlp-V,,v.
Teg; Vo7 Teg T

Let p € H'(Q) be a continuous piecewise linear approximation of p such
that

(5.7) lp = plli < Chlpll2,
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(5.8) lp = Bllo < Chllpll1,
and
(5.9) 611 < Cliplhh

(for example, take p to be the regularized interpolation of Clement ; see [13]).

It is easily seen that
Z / curlp - Vv =0,
e’ T

and so we get from (5.4) and (5.6) that

(5.10) ) /

veurlp - nr = (curl(p — p), 27 —y1) + P(B — 1))
TeS, oT

Now using (5.7), we have
|(curl(p — p), 2@ —))| < ChIpI2T*|1# - Pallo
while to estimate the other term in (5.10), we decompose it as follows:
(curl(p — p), P(B — B1) — (B — Bn)) + (curl(p — p), B — By).

Now, using (5.9) and known approximation properties for the L2-projection,
we get

|(curl(p — p), P(B — B1) — (B — Bx))| < Cllplli 2l B — Bull1,
and using (5.8), we obtain
|(curl(p — p), B— Bi) = |(p — P, rot(B — B))|
< ChllplillB = Ball1-
Therefore, collecting all the estimates, we obtain

Z / veurlp -nr
aT

TeS,
Now, from (5.5) and (5.11) we get

>

Teg; "0

which together with (5.2) yields (5.3), and so the lemma is proved. O
Now, as in the conforming case, it is enough to see that there exists g € H,,
satisfying

(5.11) < Ch{|lpll22117 = #allo + 21111 B — Bull:}-

< Ch(lirll2 + 2lpll2 + 12N (@1~ Pallo + 1B = Bull1).

vy -nr
T

(5.12) 18— Blli < ChIBII2
and W € W), such that y = Py, that is,
(5.13) P(Vw)+P(B — B) = V.

First, we take ﬂ = RB, where R is the interpolation defined in [1], which
satisfies

[ B-Rg)-a=0
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forA every q € &y and every T € 9, . Therefore, (5.12) is satisfied [1] and
P(B — B)=0. So, (5.13) will hold if there exists @ € W}, such that P(Vw) =
Vh'lfl , Or

(5.14) /(Vw—V;nD)-q=O

T
for every q € #y and every T € .7, . But (5.14) is equivalent to
(5.15) / (w—w)q-ny =0.

aT

Now, let [ be a side of T and let M; be the midpoint of /. We take w € W,
such that

. 1
w(M,)=m/1w,

where |/| is the length of /, and therefore (5.15), and consequently (5.13), are
clearly satisfied.
Then, applying Lemma 5.2, we obtain the error estimate

1B = Bulli + tlly = ¥allo < CA{lIBll2 + lIrll2 + llpll: + ¢llpll2}
and consequently,

(5.16) IVw — Viywpllo < CA{|IBll2 + lIrll2 + llpll: + ¢llpll2}-

If Q is a convex polygon, the right-hand side of (5.16) is bounded by C|| f]lo
[2, 9], and therefore

I8 = Bulls + tlly = Pullo + IVw — Vywllo < Ch| fllo-
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